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FURTHER TRIGONOMETRY

By the end of this set of exercises, you should be able to

@
(b)
(©
(d)

(e)
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recognise the graphs of sine, cosine and tangent functions
sketch and identify other trigonometric functions
solve simple trigonometric equations (in degrees)

define the period of trigonometric functions, either from their graphs
or from their equations

simplify trigonometric expressions using sin® x +cos? x =1

sinx
and tanx =
cosx




A. Sine, cosine and tangent graphs
Exercise 1

You may have drawn the sine, cosine and tangent graphs as part of the introduction to
trigonometry in Maths 2 Intermediate 2. If you have retained the graphs, you may miss out
questions 1 to 3 of Exercise 1 below.

1. The Sine Graph

(a}) Make a copy of this table and use your calculator to help fill it in, giving each
answer correct to 2 decimal places.

x F20° 40° &° 80° 9° 100° 120° 140° 160 180°J

sinx® |0-00 0-34 064 0-87 098 1-00

x 200° 220° 240° 260° 270° 280° 300° 320° 340° 360

(b) Use a piece of 2 mm graph paper to draw a set of axes as illustrated below.

yA

1

0 90 180 270 360

s 4

-1

(c} Plot as accurately as possible the 21 points from your table,

(d) Join them up smoothly to create the graph of the function y=sinx°,
2. Repeat question 1 (a) to (d) for the function y=cosx®
3. Repeat for the graph of y = tan x° (a different scale will be required for the vertical axis).
4. Study your three graphs carefully. You should now be able to sketch the sine, cosine (and

tangent) graphs fairly quickly (about 30 seconds) indicating the main points where the
graphs cut the x and y axes and the general shape of each graph.

Try them now.
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Sketches of the three trigonometric graphs, for comparison:

vA .
| ¥ = sinx
/\ v A P y=tane ;:
0° 19 210° o o i /'
s ,
~1 : '."'
! "’
H ~
[ - b.
A . ? 130 x
l\ Y =cosx ,
H
H
)
180° 270° 3600 T x E
i
-1 *

Check your graphs are similar to those shown above.

B. Sketching and identifying trigonometric functions
Exercise 24

1. Write down the equations of the trigonometric functions represented by the following
graphs:

(@) (b)

yA y
10 ‘ 6 /

90° IW W ™ 360°Ix
-10 -6
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s R0° ¥ 45° 0 T
=5 08

Mathematics Support Materials: Mathematics 3 (Int 2) - Student Materials @




® ,4 ™ LA
25

i -l
3Uo° x lﬁ°\—/m= x
-25 4

® yA4 o 4

50

= e / R
45° op° i x

]
.
]
H
'
]

aua,
P

* .
L.

.
.,

® yA Oy

: lSﬁ |
N/ NAAN
02 v o -15 \/ \fﬂn\/ \7‘) x

2. Make neat sketches of the following trigonometric functions, clearly indicating
(i) the shape of the graph (draw one ‘cycle’ of it only)
(i) the important values on the horizontal axis
(iii) the maximum and minimum values of the function,

cont’d ...
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(a) y=3simx® (b) y=4cosx® (c) y=tan3x®

(d) y=10sin3x° (e) y=12cos2x° (f) y=0-7sin4x°

(8) y=12cos 4x° (h) y=30sin6x° (i) y=100cos 5x°

() y=-sinx® (k) y=-6sinlfpx° () y=-20cos 3x°
3. Make neat sketches of the following over the given range of values:

(a) y=60sin 2x° 0sx=360 (b) y=2-5cos 3x° 0=sx=360

(c) y=40sin 4x° O=xs 180 (d) y=-2cos 6x° O=xs180

(&) y=-15sin8x° O=xx180 (f) y=1-8cos 30x° Osx=x12

Exercise 2B

1. Write down the equations of the trigonometric functions in the form y=ksin(x~a)° or
y=kcos(x - a)° represented by the following graphs:

(a) o (b) y*

14
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2. Make neat sketches of the following trigonometric functions, showing clearly:
(1) where each graph cuts the x - axis. (i) the maximum and minimum values,

(@ y=10sin(x-15°  (b) y=1+4cos(x-20)° () y=15sin(x + 10)°
(d) y=24cos(x+30)° (e) y=300sin(x—80)° (® y=tan(x-10)°
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C. Solving trigonometric equations $ (in) | Al

Exercise 3 T (an) | C (os)

=

1. Find the two solutions for each of the following in the range 0 < x < 360:
(Give each answer correct to the nearest whole degree).

(a) sinx® =0-500 (b) cosx®=0-707 (c) tanx® ={-869
(d) cosx® =0-940 (e) tanx®=1-280 () sinx® =0-574
(g) sinx®=0-990 (h) tanx°=6'314 (i) cosx°=0391
(i) cosx®=0-985 (k) sinx®=0-866 1) tanx®=1-732

2. Rearrange each of the following and solve them in the range 0= x s 360.
(Give your answers correct to 1 decimal place).

(a) 2cosx°-1=0 (b) Ssimx®-4=0 (c) Htamx°-7=0
(d) 1-3simx"=0 (&) 5-6cosx°=0 (f) 3tanx®*-5=0

3. Find the two solutions for each of the following in the range 0 s x < 360:
(Give each answer correct to the nearest whole degree).

(2) sinx® =-0-500 (b} cosx®=-0-707 (c) tanx®=-0-384
(d) cosx®=-0-292 (e) tanx®=-1-000 () sinx® =-0-866
(8) tanx®=-4 (h) sinx°=-0-174 () cosx®=-0-927

4. Rearrange each of the following and solve them in the range 0 = x < 360.
(Give your answers correct to 1 decimal place).

(a) 4sinx®+1=0 (b) Scosx®+3=0 (c) 3tamx®*+1=0
(dy 7+8cosx®=0 (&) 0dsinx®*+0-3=0 () Stanx®+8=0

5. Solve the following mixture of trigonometric equations in the range () < x = 360
(Give your answers correct to 1 decimal place).

(a) sinx®=0-323 (b) cosx®=-0-9 (c) tanx®=0-678

(d) cosx®=1/y (e} sinx®=-0-707 () tamx®=-2

(g) sinx® =35 (h) cosx°=-0-111 (i) tanx®=3/g

() 8simx*+5=0 (k) 6cosx®+3=0 (D 1-5tanx® =0
(m) 20sinx°-17=0 (n) 15-25cosx® =0 (o) 8tanx°+7=0
(p) S5sinx® + 3 =2sinx® + 5 () Tcosx®-1=cosx" +4

(r) 10tanx® + 8 = 3tanx® + 4 (s) 6sinx® + 11 =3sinx® + 10
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D. The period of a trigonometric function

Exercise 4

1. Determine the period and the maximum and minimum values of these trig functions.

@ ,4 ®
7 J /
— W Fie
=7 v» ~8
© y4 @ yA

NV NV

2. Determine the period and the maximum and minimum values of these trig functions.

(a) y=>5sin2x° (b) y=3cos3x® (c) y=10tan4x°
(d) y=22cos 2x° (e) y=230sin6x° (f) y=-5co0s30x°
(g) y=50sin 90x° (h) y=-4cos lipx® (i) y=18sin l/gx®
() y=09cos 60x° (k) y= 1/ sin5x° M y=34c0s 9x°
(m) y=11sin 180x° (n) y=8sin1-5x° (0) y=40cos 2-5x°
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E. Trigonometric identities

Remember:- sinx+cos’x=1; and tanx=

Exercise 5

sinx
cosx

1. Simplify the following using the above 2 identities:

(@) 2sin®x°+2cos? x° (b) S5cos®x°+5sinx°
3sinx® ) 5sinx®
cosx® 2cosx®

2. Write down a simple expression, identical to:

@ l-sin®s® () l-cos’s® (o) tanx®cosx®  (d) S
cosx
3. Simplify:
1-cos®x° 1-sin®x° sin? x°
g S8 X b) ——Sm X
@ sin® x° ®) 2cos’ x° L cos® x°
1- I - 1- 2 .o
@ —2X & —=Z | () tan?x°(l - sin®
cosx Ssinx
4. Prove the following trigonometric identities:
(@ 3-3sin’x°=3cos®x° (b) 5-5co8® x°=5sin® x°
(c) Vl-cos®x° =sinx® (d) tanx°1-sin?x° = sinx®

1-cos’x® 1 -sin®x® 1
@ ——z—=tan’x® ® b
1-sin“x 1-cos“x® tan’x
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Checkup for further trigonometry

1. Make a sketch of the sine, cosine and tangent graphs, indicating ail their main features.

2. Write down the equations of the trigonometric functions associated with the following
graphs:

@ A ® A
| AN
T T
-8 07

© yA @ v

Nan
NRVAVAVAS

...-.-.-.-.-....-....-..gn.. S e
8
L)

3. Make neat sketches of the following, indicating all the main points and features:
(a) y=20sin4x®*° O0=xs90 (b) y=16cos2x® 0sxs360
{c) y=—8sin8x* O0=xs90 (d) y=tan2x® O0sx=s90

4. Find the two solutions for each of the following in the range 0 = .x =< 360:
(Give your answers correct to 1 decimal place).

(a) sinx°=0911 (b) cosx®=0-444 (c) tanx®*=3

(d) cosx®=-0-605 (e) tanx’=-0-8 (H sinx®=-Y5

(g) Zsinx*-1=0 (h) 8cosx*+6=0 (i) 4tanx®*-3=0

() 3cosx*-2=0 (k) 1+4sinx°=0 (D Stanx® = 3tanx” -2
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5. Whatare the periods of the following trigonometric graphs and functions?

b
(a)yA (b) ,A
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(e) y=10sin 10x° (f) y=23cos 30x°
(8) y=-4sin 9° (h) y=5tan4x°
6. imnlify: Y 6 6sin? ¢° . COSX°
(@) Simplify: (i) sin®x® (i) pravT
N .. l=-cos®x° .. . .o 2 n
(b) Prove these identities :- (i) ppre ol BN Y (1~sinx°)1+5inx°) = cos? x

7. Write down the equations of the following trigonometric graphs:

@ yA

; /\ 345° .

-15° 180° 360° x

(b

)’

”\ M/

\/ 200° \/ 330‘"
-3-6

8. Sketch the following trigonometric graphs, indicating their main features:
(@) y=1I8cos(x+30)° O0sx =360 (b) y=2sin(x- 10)° Osx =360
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Further trigonometry

Exercise 1

1. Check Graphs - see graphs at top of page 15 for comparison,

Exercise 24

I. (@) y=10sinx°® (b) y=6cosx® (c) y=>5sin2x°
(d) y=0-8cos 4x° (e} y=20sin 2x° (0 y=80cos 2x°
(8) y=25sin l/px° (h) y=-dsinx® () y=-50cos 3x°
O y=tan2° (k) y=02cos l/5x° () y=15sin4x®
2. (@ (b) (©

e
P
e
—

3760'

™
—~

(d) O ®H

(2) () )

NI A
B l \/ x . ’ \/60' I N I 36 2

@ (k) Y

[
4, 0y 4' \/vén":‘ _m’/ & \.zﬁ
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Exercise 2B

1. (@) y=S5sin(x+30)° (b) y=8cos(x+ 20)°
(¢) y=S5sin(x-10)° (d) y=0-6sin{x- 40)°
(&) y=4cos(x-35)° (®)  y=15sin(x + 70)° or ¥ = 15cos(x~20)°

2. (a)

) vy (d) v %
Y N
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Exercise 3

1. (@) 30, 150 {b) 45,315 (c) 41, 221
(d) 20,340 {e) 52,232 (f) 35, 145
(g) 82,98 (h) 81, 261 (i) 67,293
(H 10, 350 (k} 60, 120 {I) 60, 240.
2. (a) 60,300 {b) 53-1or 1269 (© 350, 2150
(d) 19-5, 160-5 (e) 336, 3264 (H 590, 239-0.
3. (a) 210,330 {(b) 135, 225 (c) 159, 339
(d) 107,253 (e) 135,315 (f) 240, 300
(8) 104,284 (h) 190, 350 (i) 158, 202.
4. (a) 194-5, 3455 (b) 1269, 233-1 (c) 161-6, 341-6
(d) 151-0, 2090 (e) 228:6, 311-4 H 122-0, 302-0.
5. (a) 188, 1612 (b) 1542, 205-8 (c) 34-1, 214-1
(d) 75-5, 284-5 (e) 225,315 ) 1166, 2966
{(g) 369, 143-1 (h) 964, 263-6 (i 320, 212:0
Gy 218-7, 3213 (k) 120, 240 O 113, 191-3
(m) 582, 121-8 (n) 53-1, 3069 (o) 138-8, 3188
(p 418, 1382 (@ 33-6, 3264 (r) 150-3, 330-3
(s) 199-5, 340-5°,
Exercise 4
1.
Graph () (b) (c) (d) (e) ® (g)
Period 180 60 90 36 180 120 360
Max/Min +7 =8 +0-5 +325 =9 =6 =01
2. X
Question | (a) (b) (c) (d) (e) () (g) (h)
Period 180 120 45 180 60 12 4 720
Max/Min =5 +3 =10 2.2 =30 +5 +50 +4
Question (i) 0)] (k) Y (m) (n) (0)
Pericd 1440 6 72 40 2 240 144
Max/Min | =18 £0-9 05 2075 =11 +8 =40
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Exercise 5

p—

. (@) 2 (b) 5 (¢} 3tanx (d) S/ptanx

2. (a) cos%® (b) sin2x® (c) sinx® (d) tanx®
3. (@)1 ®) Y2 (c) tan2x® (d) cosx® () ssinx® (f) sin2e®
4. All proofs.

Checkup for further trigonometry

1. See sketches on page 15.
2. (a) y=8sin2x® (b) y=0-7cosdx® (c) y=-2-7sin3x° (d) y=tan3x°

3. (a) (b) ¥y
y 16 3
20 .
- [\ _/
VAN AVAAVAE
=20 ]
-10
(c) y (d) JT/! :'
; /\ P
VARV w7
4. (a) 656, 1144 (b) 63-6, 296-4 (c) 71-6, 251-6
(@) 1272, 2328 (e) 141-3, 321.3 () 233-1, 3069
(g) 30, 150 (h) 1386, 221-4 (M 369, 2169
G) 482, 311-8 (k) 194-5, 345-5 (I) 135, 315,
5. (a) 120° (b) 180° {c) 60° (d) 40°
(e) 36° H 12° (g) 40° ¢h) 90°,
6. (8 () 6oosx (i) —L_ (b) Proof.
tan x
7. {a) ¥ = 8sin(x + 15)° (b) ¥y = 3-6cos(x - 20)°
¥
8. (a) 187 ¢ (b) y[/\
5 g e
-Jo’ \/ [ I"" \/?
-2
-18
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EXERCISE. 7.

(D A RECTANGLE MEASURES 15cm LONG 8Y Bem BROAD . cALcuLATE THE
LENGTH OF ONE of TRE DIAGONALS OF TRis RECTANGLE .

(D A LADDER IS 18m LONG . HOW FAR UP THE WALL WILL-TRE [ABDER REACH IF
TAE FooT oF e LADDER IS 3.5m FRoM TRE Foot of TRE WAL ¢

3 A sHP SAILS 1™ km EAST ANDTREN SAILS B ke NORTH . How FAR iS T FRom
N .

TS STARTING PoiNT, n

(@ A KNE is FLYING ON 100m OF STRING . TRO BENS WANT TS FIND ouT HoW HICH
THE KITE |8 AT THE MOWMENT TRAT TRE STRING is FullY oum
ONE BoY STANDS IMMEDIATELY UNDER TRE KiTE . IF TRE DISTANCE BeTwWeeN Them
13 ESwm, WHAT is'TRE RHEIGHT oF e r:'rrg'.? |

(B e DIFGRAM OPPESITE SHoWS TRE BND
VI OF A LEAN T SHED.

8

CALCULATE THE LENGTR OF ThE ST =
e

SLOPING EDGE oF TRE RoCF. l l

4 1Qmn —>

(© TE TOPS Of THD MASTS ON A SHIP ARE ToiNeD BY A WIRE 25m Long | iF The
MASTS ARE 35m AnD BSm HIGH, HoW FAR APART ARE THEN <

() TRE DIAGRAM oFPOSTE SAOWS THE

CROSS SECTIoN OF THE RoCF OF A ROUSE. .
G 23

CALCULATE TRE WEIGHT oF The

CENTRE Post.
———— B ——————>

-

TRE DIAGRAM OPROSITE SHOWS A SESTU aF RORITONTAL
CYUNDRICAL. PIFE OF RADIUS SOem. WATER i3 LYING
N TG PIAE AND 18 10~ DEEP AT THE MOLLE oF TRE SECToN |

CALAILATE THE WIDTH OF THE WATER SURFacE ,

ua‘ﬁiiiﬂﬂ’ﬁ“ﬁﬁﬁﬁﬁ'ﬁamﬁ@ﬁ
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EXAMPLE mor e roints P(a2,1)

'R (ete) and R(Q,0) | pacve TuaT TRIANGLE
PRR 1S RIGHT-ANGLED.

iF TRIANGLE PR is RIGKT- ANGLED L
THEN ¢ -
Pg‘ - wl -I'QR.L = Q f
PR* 2 (x:.‘xDL "‘(.‘:I:-"ﬂ!)z ,/ \\
N 1 \
PR = (q-'z_)"‘ + (o=-1) ¥ ') -....._._____ \ RS )
PRY = 9% 4 () ° ik 1%
PR* = 49 +|
T =

PR SO
PR* = (2ey-ocy)* +(92-9 )" QR* = (:\:.,-:::,)"-l—(g,_—g,)z'
AP = (6-2)* +(4-1)* R* = (-6 + (o)
R¥?* = 4™ +3> RRY = 3 s ur
PO = 16 +9 QrR* = 9 444
PQ* = 35 R = a5

_'———-—_'="—'—-____

SINGE  PR® = RY* + QR | Then TRANGIE RYR is RIGHT-ANGLED ar Q.

(@) PLOT TRE PoinTs AlE), Beo) adC (5,0).

P PRAE TRAT TRIANGLE ABC is RIGHT -

@ fLor e foinTs K(-2,

' 2), 13,6 md M (7,-0) . PRONE TRAT TRIANGLE KLM Is
RIGHT . ANGLED,

(9 PLaY e Aonrs T(=5,0, w{t, -1 D E(-4,~3). paovs THAT TRIANGLE. THE 18
RIG WT— ANGLED .
PLOT The AOINTS E(—']‘a),hl(l,

_ ~2) D D(-2,3) . PRoVE TRAT TRIANGLE END IS
RICHT ~ ANCLED,

®
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ANGLE  PRODSINES

a' Exercise 10

Find the sizes of the angles marked with letters:

(You may wish to sketch them first and fill in all the angles)

) 2.
65° 75°
145° Y
x

4.

72°

6. y
28°
72¢
8. ;
\‘./
&)

52°




9. 10. 2
Y
25
110° 135°

P

15. In the diagram opposite

¢ PQRS is a square
* PR is a diagonal of the square
» Triangle RST is equilateral

Calculate the size of x. %




ANGLS _PloPeRTies (Anseiac)
)My & [
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6. A wedge of cheese is cut from a large circular block of radms ;
For the wedge, the angle at C, the centre, is 20°,

(b) the volume of the wedge ot' cheese,

7. The area of this sector is 78-5 cm? and the radius
of the clrcle from which it has been cut is 10 cm.

Palculate the size of angle POQ.

C. The relationship between tangent and radius

Exercise 3

1. Copy the diagrams below and fill in the sizes of the angles marked with a letter,

Mathematics Support Materials: Mathematics 1 (Int 2) - Student Materials @



2. The largest possible circle, centre C, is drawn inside
a square. The circle and square sit vertically, with
one edge on the horizontal surface PQ.

Triangle ABC is drawn with AB on the line PQ.
Angle CAB = 27° c
Calculate the size of the angle marked w°,

3. ABisatangent to the circle with centre C.
It meets the circle at the point P.

Angle CBP = 36°.

Calculate the value of the angle marked x°,

4. Calculate v and w. (The lengths are in centimetres.)

NG
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5. Calculate the sizes of the angles marked x, y and z correct to the nearest degree,

(The lengths are in centimetres.)
18
8
z o
20
-
6.
ABCD is a tangent kite,

Write down:
(a) the length of BC.
(b) the values of p, ¢ and r.

D. Angle in a semi-circle
Exercise 4

1. Calculate the sizes of the angles marked a, b, c,d, e, f, and g

>4
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2. The semi-circular arch of a bridge is

strengthened by a triangular metal
structure as shown.

(a) Calculate the size of ZABP, 140°

||||||||||||||||
llllllll

|||||||||||||||
||||||||||||||||||||||||

A B

(b) A second triangular structure is added,
Calculate the size of ZPAQ,

3. Inthe two diagrams below, calculate x, correct to 1 decimal place.

(a)

(b)
(0]
N

4. In these diagrams, caiculate v and w correct to 1 decimal place.

(a) 6
° 0

4

(©)
% /

(d)

(b) i J
20
17
\W
()

7
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E. The interdependence of the centre,

bisector of a chord and a perpendicular
to a chord

Exercise 5

1. Copy the diagrams and fill in all the angles.

TN ® | © TN
’ <@
0
@

A

(a)

2. Calculate the distance from O to chord AB in each case, (All lengths are in centimetres. )
(@

(c)

ulo

3. Calculate the length of the chord PQ in each case,

(a)
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4. Calculate the valye of the letters a, b, ¢, and 4,

it} (ii)

‘ 10
32

(iif)

5. Given that the radius of the circle is 25 cm and AB =48 cm,
calculate the length of the line MT.

6. U \\ The diameter of the circle is 100 cm.
UW=62cma.ndLK=72cm.andUW
is parallel to LK,

C Calculate the length of MN.

7. The diameter of a tank of waste product is 60 cm
and the depth of the sludge is 25 cm,

Calculate the width AB of the surface
of the waste sludge,
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e
i e
e T w2
bl

S
e o

() SwZne DEw +3) @) G-DO-D (o) (a- 10XG+3)

P) O0-206'+3) @ (12-r2+7r) r) (c=T)%
(s) 2p-3)3p-4). () (2x+1)2 (u).2(q +8Xg-9)
(V) (Zx=y)x+2y) g (W) 2Aa? + 1D(3a2-2),6) (52 +3)(y2-3)
S 7
Properties of the Circle &Y f,_.,-"
Exercise 1 R

1. (i) 52cm (i) 942cm  (jii) 251 cm (iv) 140cm  (v) 47'1cm (vi) 4-7cm
(vii) 424 cm e G '*;_.\
2. 471em 3. 837cm. 7 4. 314m 5."4~53N3‘:3-0 inches 6. o9

ML

1. (a) 105cm2 (b) 177 cm? © 471em? S

(&) 367 cnr (f) 377 cm? ‘
2. 2152 ciit 3. 1-64 m2 4, 2261 cm2 %
5. 991{2 cm? (b) 134cm3 6. (a) 179cm?  (b) 2144 cm3 7.

Exercise 3

l. a=38, b=25, ¢=30, d=20, e¢=125, f=20, g=130, h=70, i=24,
j=26, k=235

2. w=117 3. x=63 4. v=12, w=7

5. x=30, y=389, z=66 6. (a) 100mm (b) p =48, q=42, r=42

Exercise 2

.. (d) 236 cm?

Exercise 4

1. a=59, b=45, c=15 d=50, e=34, f=4_0, g2=159.

2. (a) 23° (b) 49° 3. (@ 122 (b) 120

4, (@) v=100, w=369 (b) v=105, w=582 (c)v= 102, w=42-8
(d) v=9646, w=175

Exercise 5

[. (a) 140° 20° 20° (b) 20° 20° 70° 70° (c) 10° 10° 80° 80° 90° 90° 90° 9¢°
(d) 4x90° 4x75° 4x15°

2. (a) 6 {b) 7 (c) 477 3. (a) 11-0 (b) 144
4. a=78, b=89, c=414, d=486.
5. 18cem 6. 739 cm 7. 592 cm
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